In the covariate shift learning scenario, the training and test covariate distributions differ, so that a predictor's average loss over the training and test distributions also differ. The importance weighting approach handles this shift by minimizing an estimate of test loss over predictors, obtained via a weighted sum over training sample losses. However, as the dimension of the covariates increases, this test loss estimator increases in variance. In this work, we adapt the importance weighting approach to more robustly handle higher dimensional covariates by incorporating dimension reduction into the learning process.
Introduction
Often, the population for which one has labelled training data differs from the population one needs to make predictions for. For example, the population that received a medical treatment likely differs from those eligible for it. In the specific case of "covariate shift", the marginal covariate distribution is assumed to differ between training and test domains (P train (x) = P test (x)), while the conditional outcome distributions are the same (P train (y|x) = P test (y|x)). Given labelled training data and unlabelled test data drawn from the training and test domains, respectively, the covariate shift task is to learn a model exhibiting low expected loss over the test domain. Often, a model is misspecified due to computational or interpretability considerations. Under model misspecification, a predictor naively learned from the training data may have worse performance over the test domain.
One popular approach to handling covariate shift finds a (possibly non-linear) lower dimensional space in which the training and test covariate distributions are similar [6, 28] . A model can then be learned using the projected training data, which now more accurately represents the projected test domain. For example, [29] finds a linear subspace minimizing the maximum mean discrepancy [14] between the projected distributions. Such methods enjoy the general benefits of dimension reduction, such as robustness and interpretability. However, with the exception of [8] , such approaches are unsupervised, so that the projected covariates may not be predictive of the outcome of interest.
Another approach to handling covariate shift reweights the empirical training loss of a given predictor to emphasize training samples in regions of high test density. A popular weighing scheme is to weight a training sample x by the density ratio P train (x)/P test (x) [32, 15, 34, 5] . Doing so corrects the naive training loss so that it is no longer a biased estimate of expected test loss, the actual quantity of interest during training. However, this approach fails in high dimensions, where the test loss estimator has high variance due to two reasons.
Firstly, even if the true weights are known, in higher dimensions, the training and test distributions will tend to be very different, which leads to a small "effective sample size" [11] , where the "true" weights are concentrated on a small number of training samples. To reduce the variance of the weighted estimator, one line of work [32, 10, 41, 16] uses various forms of regularization to discourage exceedingly large weights, at the cost of increased bias. Another line eschews weight estimation and builds predictors that are robust to potential shifts in the covariate [40] or conditional outcome [25, 9] distribution. A separate work [30] reduces variance by using the predictor minimizing training loss as a prior when minimizing the reweighted loss.
Secondly, the variance of the density ratios estimates themselves increase as the dimension increases. Recognizing this, recent methods [15, 34, 5] estimate the density ratios directly, without separately estimating the training and test densities explicitly. To further reduce the variance, [35, 33] propose incorporating dimension reduction into the density ratio estimation procedure. Specifically, they search for a subspace in
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which the training and test densities are maximally different, and estimate the ratios only with that subspace. While such ratio estimates are more reliable, their chosen subspace, by construction, has a small underlying effective sample size relative to other subspaces.
We believe that dimension reduction is a promising way to reduce density ratio estimate variance, but when the ratios are used for covariate shift correction, the choice of subspace should be chosen according to different criteria. Specifically, the subspace should be one that is predictive of the outcome of interest, and one in which the effective sample size is sufficiently large. Then, the importance weighting method can be applied directly to the projected data, in which an accurate predictor exists, and the reweighted loss is reliably estimated due to the two respective criterion. Furthermore, if the predictive utility of subspace is simply the downstream achievable reweighted loss (instead of a surrogate measure [36, 13] ), this suggests a wrapper [22] approach to dimension reduction, with the subspace and resultant predictor jointly chosen.
Thus in this work, we adapt the importance weighting approach to more robustly handle higher dimensional covariates. We present a method that jointly learns a linear covariate subspace and predictor acting on the covariate subspace that minimizes, over linear predictors, a low variance estimator of test loss. In particular, our estimator is simply the importance weighted test loss estimator, applied to the subspace. Thus, our estimator is lower variance simply by virtue of avoiding high dimensional density ratio estimation. Although our test loss estimator turns out to be biased, we believe it preferable to sacrifice bias for reduced variance when data is high dimensional and scarce. Furthermore, we can give preference to subspaces within which the training and test distributions are similar, to avoid small effective sample sizes. The effective sample size we require can be chosen via cross-validation, giving a practical way to navigate the bias-variance tradeoff, which is nontrivial in the covariate shift setting.
Because our method jointly finds the subspace and predictor it improves on a two step approach of first applying unsupervised dimension reduction methods like those aformentioned for covariate shift or simply PCA, and then an importance weighting method. Because our method evaluates the subspace and predictor based on the estimated resulting test loss, it improves on supervised dimension reduction methods that find a subspace (and possibly predictor, jointly) with high predictive utility in the training domain. In particular, our method improves upon [8] , which finds a linear subspace minimizing an additive combination of maximum mean discrepancy, and the average squared loss of a linear classifier over the labelled, projected training data. However, the linear model is likely misspecified, so that their linear prediction utility measure may not be an accurate of prediction utility in the test domain. Relatedly, our method can be considered orthogonal to [17] , who, not emphasizing interpretability, consider a very flexible model class via deep neural network representation learning, do not suffer from model misspecification and thus do not use importance reweighting in evaluating the representation's predictive utility.
Our optimization routine involves gradient descent over the space of projection matrices, with the objective function for a given projection being the minimum regularized estimated test loss over linear predictors acting on the resultant subspace. The optimization routine requires a linear predictor, but can handle any convex loss function, e.g. squared and logistic loss for regression and classification. We propose to estimate the density ratios in a given subspace using unconstrained least squares importance fitting (uLSIF) [18] , though other methods like kernel mean matching or kernel density estimation also fit into the optimization framework. The objective function of the routine is not analytically available, as it is implicitly defined as the solution to another optimization problem (that estimates the density ratios in the subspace to obtain the test loss estimator, and then minimizes it over all predictors). Thus, we use the gradient trick of [4] to calculate the gradient efficiently.
Conceptually, our work can be considered an extension of joint dimension reduction and learning prediction methods [31, 38, 39] , adapted to the covariate shift setting in which the dimension reduction is further useful for improved weight estimation. Our optimization procedure is an application of a body of work on calculating gradients for hyperparameter learning [12, 7, 20, 26] , which has recently been used to both construct [2] and understand [21] neural networks. Finally, because the output of our method is a subspace, our method can in theory be used in conjunction with aforementioned methods for robust importance weighted learning.
Background

Covariate Shift Problem
In the covariate shift problem, one is given N tr labelled training samples {x Given a model class F, the covariate shift problem seeks
, where L is a loss function that we assume to be convex in f (X).
Importance Weighted Loss Minimization
To minimize expected test loss over predictors, noting that
past work constructs an unbiased estimator of test loss by forming the empirical expectation version of the latter expectation, and then minimizes it over predictors, adding some regularization:
. We note that the "effective sample size" of the estimator is
Density Ratio Estimation
To carry out importance weighting requires estimating the density ratios
. A variety of methods [15, 5] exist for doing so, but one, least squares importance fitting (LSIF) [18] and its computationally more efficient variant, unconstrained LSIF (uLSIF) stands out because it involves only a (possibly constrained) quadratic program, and admits a cross validation scheme.
LSIF assumes the estimated ratio function can be written as α T φ(x), where φ(x) = {φ m (x)} is a set of M basis functions they choose to be gaussian kernels centered at test points and α ∈ R K is a parameter they aspire to identify by minimizing the expected squared error to the true ratios:
where C is a constant. Substituting empirical expectations, dividing by 2, and regularizing, they obtain the fit value of α as
, γ is the regularization constant, and 1 is the vector of all 1's. The estimated ratio function is then w(x) = α * T φ(x), with the element-wise positive constraint α ≥ 0 ensuringŵ(x) is positive. uLSIF simply removes the positivity constraint on α in obtaining α * . With α T φ(x) no longer guranteed to be positive, under uLSIF, the learned ratio function iŝ w(x) = max(α * T φ(x), 0).
Formulation
Motivation
Our approach is motivated by the following: suppose we constrain the model class to be the composition of a linear projection to a subspace, followed by a predictor acting on the projected features. That is, the model class contains functions of the form g(A T x) where A is a projection matrix, and g is a base model class. The fact that such a composite function only depends on a subspace opens up two opportunities to decrease the variance of the learning procedure.
Firstly, we can construct a surrogate estimator of
This estimator is lower variance than that in Equation 1 because the density ratio estimates are lower variance, being those in the lower dimensional subspace parameterized by A. Furthermore, as we show later, in expectation the effective sample size in any subspace is higher than that in the full space. This estimator turns out to be biased relative to
However as our experiments show, this bias can be a worthwhile tradeoff when the variance would otherwise be high.
Secondly, we can explicitly refuse to consider functions g(A T x) for which the effective sample size of its loss estimate
2 is too low. Note that this constraint lower bounds the effective sample size of estimators considered even if constraining A does not end up constraining the resultant model class, since the effective sample size only depends on A, not on g.
These ideas suggest finding the predictor g(A T x) minimizing test loss by minimizing over g and A the estimator of Equation 2 plus a regularizer i (ŵ A (x tr i ))
2 . To complete the optimization problem, we still need to construct the projected density ratio estimatesŵ A (x tr i ), which notably depend on A. We can do so by imposing the constraint that theŵ A (x tr i ) are equal to the projected density ratio estimates that would be returned by a ratio estimation method, i.e. LSIF or uLSIF, run on the projected covariates
Joint Dimension Reduction and Importance Weighting
Given the above motivation, in this work, we propose a method for solving the covariate shift problem described in Section 2.1 for the case when the model class F consists of functions expressed as the composition of a linear projection followed by a function from some base model class. That is,
where D < K is the specified dimension of the subspace and G is a specified base model class. In this exposition and in the experiments, we will restrict our attention to the case where G consists of linear functions of R D , so that F consists of linear functions of original feature space R K . We do so because importance weighting only helps when the model is misspecified, and misspecification is often due to a desire for interpretability, which linear models provide. However, our framework is readily applied to kernel methods and other base models where the fitting procedure is a convex problem.
To learn a model from the linear model class (overparameterized as)
for the covariate shift problem, where the loss function L is assumed convex, we propose obtaining the parameters A, b via the following optimization:
subject to
where λ, γ, c are hyperparameters described shortly. are the original training and test covariates, projected by A. Again, note that the w tr i thus depend on A through an optimization problem: that of running uLSIF. We use uLSIF instead of LSIF for ratio estimation, as we found experimentally that the computational benefits of uLSIF outweighed its marginal accuracy gain in the low dimensions we apply it to. Equation 8 ensures that A is a projection matrix. Finally, c b 2 is L 2 regularization of the composite linear model f (x) = b T A T x, whose coefficient's squared norm is simply b 2 due to A being orthonormal. Regarding hyperparameters, λ controls the tradeoff between the test loss estimator and the effective sample size of it, and c controls the amount of regularization on the composite linear model.
For the sake of transforming the optimization problem to one over only A and not b, we choose to rewrite it as follows: we remove b from the minimization, but add in an additional constraint so the underlying problem is unchanged, to arrive at the alternate formulation: 
and all the original constraints of Equations 4-8. Figure  1 shows the architecture of this formulation, where A is the only parameter upon which objective L depends.
Analysis of Surrogate Loss Estimator
We first show that in expectation, for any candidate function f (x) = b T A T x, the effective sample size of our "ideal" surrogate loss estimator,
, where the density ratio estimates are replaced by the true density ratios, is larger than that of the naive "ideal" loss estimator of
Pf. Let C be a matrix whose columns span the orthogonal complement to the subspace spanned by the columns of A, and let (U, V ) = (A T X, C T X). Then
where in going from Equation 13 to 14, we have used the fact that for any fixed U ,
) 2 ] := P E(P te V |U P te V |U ) + 1, which follows because P E(· ·), denoting the Pearson Divergence between distributions, is always at least 0. This verifies our intuition that projecting onto a subspace can, under idealized circumstances, increase effective sample size.
Note that since the effective sample size of our surrogate loss estimator is only larger in expectation, and even so might still be too small for some A, the empirical objective still needs to explicitly regularize against small effective sample sizes. We can also bound the bias of our "ideal" surrogate loss estimator relative to the true test loss, where true density ratios replace their estimates (see Supplement for proof): 
The LHS is the absolute bias of our estimator. The first term of the bound measures, roughly speaking, how much the training and test distributions differ in the subspace orthogonal to the subspace A parameterizes. The second term measures how much variance there is in L(b T U, Y ), with U fixed, averaged over the test distribution of U , so that it represents how well the loss can be predicted, given only U . In particular, this term is 0 if Y ⊥ X|A T X, i.e. A parameterizes a sufficient subspace of the original covariate space. The bias is high only if both terms are simultaneously high. It also allows for two extensions. Firstly, we can take the maximum of the RHS over all A, b to obtain a (trivial) uniform bound in the bias of our surrogate loss estimator. Secondly, the form of the bound admits a way to construct an estimator for an upper bound of the test loss. However, we found experimentally minimizing this upper bound estimator instead of our original surrogate estimator did not help performance.
Solving the Optimization Problem
The objective L of the optimization problem of Equations 9 and 10 depends only on projection matrix A, through several intermediate variables. 
Differentiation with argmin Variables
In reverse mode differentiation, the generic task is to recursively, given an objective of the form L(v(u)) and 
where 0 is a length D vector of zeros, and the notation suggests f depends on both b * and w, and b * further depends on w. Differentiating with respect to w gives
where db * dw is the desired N × K Jacobian matrix,
is the K × K Hessian matrix of f , and
Rearranging, we obtain a multiple linear system we can solve for
However solving this multiple linear system is in general not feasible, as calculating , and the dimension of α is the number of basis functions used, possibly large. Also, explicit construction of Hessian matrices should be avoided.
Efficient Calculation of
Fortunately, two computational tricks can be applied. Firstly, we can solve a single linear system instead of N of them. We can express the desired gradient as , of large size. However, matrix free linear system solvers such as conjugate gradient, when solving a linear system Cx = d, do not require C to be explicitly given, but only that the matrix vector product Cu be able to be calculated for any vector u. Furthermore, Hessianvector products can generally be calculated efficiently. Returning to the example, note that for any u,
This means the requisite Hessian vector can be computed by first analytically forming the scalar valued function u T df db and then calculating its gradient with respect to b, or using finite differences:
, with r a small scalar.
Gradient Descent over Projection Matrices
We use the package Pymanopt [37] to perform gradient descent over projection matrices using steepest descent with backtracking line search. As the problem is not convex in A, we utilize multiple random restarts.
Simulation Study
We now show a synthetic data example involving covariate shift that shows the benefit of our method compared to other baselines. We generated 13-dimensional covariates and real valued labels. The labels only depend on the first two covariates, X 1 and X 2 . In particular, we let Y |X ∼ N ( X 1 + 0.2 X 2 , 0.01). Note that as our model class contains only linear models, when trained and tested on P tr , a model that only uses X 1 will have comparable (actually slightly better) performance compared to a model that only uses X 2 . This is because even though X 2 appears more informative, the model class does not contain the "v-shaped" predictor that the mean of P Y |X2 follows. Contrarily, when trained and tested on P te , a model that uses only X 2 will have far superior performance to one that uses only X 1 , because due to the covariate shift, the test covariates only have support under one of the two "arms" of the "v". Also, X 13 , while not predictive, is identically distributed between training and test, so that an unsupervised method would recover it.
We compare our joint projection method, denoted JP(D), D being the subspace dimension, to:
• Unweighted (UW): performing no covariate shift correction, minimizing (regularized) unweighted loss over the training data • Naive Importance Weighting (IW): Estimating full density ratio weights using LSIF (not the less accurate uLSIF), and minimizing (regularized) weighted loss over the training data.
Applying a random projection to generate Ddimensional covariates, and then applying IW to the projected data.
• Sliced Inverse Regression (SIR(D)): Applying sliced inverse regression [23] to project to Ddimensions, and then applying IW.
• Cheating (CT): Projecting the data to only retain the first two covariates, the only ones upon which the outcome depends, and then applying IW. Table 1 shows the mean and standard deviation of outof-sample test loss over 100 replicates for the methods, as N , the number of generated training and test samples changes. To elaborate, we generate N samples each from P tr X,Y and P te X , set aside 1 3 of the test data for evaluation, fit a model using the N labelled training samples and remaining 2N 3 unlabelled test samples, and then evaluate the predictions on the set aside test data. Losses are normalized so UW has a loss of 1 for each data size. We note the performance of IW is often worse than that of UW, due to the difficulty in estimating the weights and small sample size. Furthermore, the sliced inverse regression methods, which do not account for covariate shift in estimating the projection, do not find any subspace particularly informative and thus do about the same as the random projection methods. On the other hand, our method is able to jointly find that X 2 is most useful in the test domain, and learn an importance weighted model in the correct single dimension. For some data sizes, our method even does better than CT, which is told the ground truth that only X 1 and X 2 are relevant. Even though Y does depend on both features, the combination of weights being harder to estimate and effective sample size being smaller in 2 dimensions versus 1 illustrates the benefit of joint dimension reduction and importance weighting.
Experiments with Real Data
Choosing Hyperparameters
The hyperparameters in the formulation fall into two groups: those whose optimal value does not change with A, namely λ, and those whose optimal value does change with A: c, which prevents overfitting, and those required for density ratio estimation, namely γ as well as the bandwidth of the Gaussian kernel basis functions, which we refer to as σ. We do not consider the latter group of hyperparameters fixed, but instead update them throughout the gradient descent over A. We also note that by updating these hyperparameters as the optimization runs, they are no longer hyperparameters in the conventional sense. The reduced number of hyperparameters is thus computationally convenient.
The optimal values of γ and σ change with A because they are used to obtain estimatesŵ A (x tr i ) of
which changes with A. Certainly, the hyperparameters of a density ratio estimation procedure should change as the true density ratios change. To choose γ, σ for a given A, we use the cross validation procedure [18] suggest. As part of the procedure, a training holdout set {A T x A (x) is estimated using the remaining projected training and test data based on the uLSIF procedure (Equations 4-7), and the out of sample error is measured as
), where N (h)tr , N (h)te are the size of the holdout training and test sets, respectively. Note that this is simply the objective that LSIF and uLSIF minimize, without regularization, computed over the holdout set. This process can be repeated for the distinct holdout sets as given by K-fold cross validation, and the average error over the holdout sets can be minimized using grid search.
The optimal value of c is presumed to change with A for more practical reasons. Ideally, we would choose c in order to minimize the expected test loss of the predictor, f (x) = b * T A * T x, obtained after solving the optimization problem. As labelled samples from the test distribution are not available in the problem setup, one can use a holdout set {x 
), to approximate the expected test loss [32] of the predictor obtained using the data not in the holdout set. However, this estimate, involving density ratios of the full covariate space, is exactly the high variance estimate our work seeks to avoid using. Instead, we measure the error on the holdout set as
), where the ratios are now those of the densities projected by A. As before, this measure of error can be averaged over distinct holdout sets, and minimized using grid search. Of course, as A changes, theŵ A (x (h)tr i ) change, so that the optimal value of c according to this criteria also changes, which is why we update c as A changes.
While σ, γ are updated throughout a single optimization run, λ is held fixed, and thus chosen by "traditional" out-of-sample validation. In particular, given training and test data to apply our model to, we first set aside a portion of {x }. We then evaluate a given λ by fitting our model to obtain A, b, then examining the weighted
). This is the same weighted loss used in selecting c, used once again due to the naive test loss estimator being unreliable.
In summary, a validation portion of the labelled training data is set aside, and λ, the only "conventional" hyperparameter, is chosen to be the value whose resultant predictor has the lowest value of a loss estimate computed using the validation set and estimates of projected density ratios. The remaining hyperparameters γ, σ, c are updated throughout the optimization procedure for a fixed λ using grid search cross-validation.
Data Preprocessing
We took several datasets from [24, 1] random vectors, and measuring the predictive utility of a vector by projecting the covariates onto it, running kernel density regression, and examining the negative in-sample squared error. We first sample the dataset to form the training data. Then to generate the test data, we subsample from the remaining dataset according to the projections along the vector. Let t 1 , t 0 denote the max and min projected covariate value in the dataset, and σ be the standard deviation of the projected values. We select data with probability proportional to the density of a N (α(t 1 − t o ), cσ 2 ) distribution based on their projected value. Values of α close to 0 or 1, and small values of c will lead to a small effective sample size; we choose them so this is achieved. Once the vector is chosen, multiple training and test datasets can then be sampled. We shift the data along a predictive direction so that covariate shift adjustment is actually needed.
Experimental Results
For each dataset, we generated 100 training and test data pairs. For each pair, we set aside 1 3 of the test data to evaluate out-of-sample performance on the test distribution, and train the model with the remaining data. For our method, 1 5 of the training data was used to tune λ. Table 2 shows the estimate of the test loss based on the 100 replicates; regression and classification datasets are on the top and bottom, respectively. We use squared and zero-one loss to evaluate regression and classification performance, respectively. The model abbreviations are the same as those used in Section 5, and performances are normalized for each dataset such that the unweighted baseline has a performance of 1.
We see the trend is when naive importance weighting (IW) helps relative to the unweighted baseline (UW), indicating the necessity of covariate shift adjustment, our method tends to improve over IW, and has lower variance, reflecting the benefit of our method's lower variance estimator. In particular, when our method helps a lot, the variance is reduced significantly, as in the splice, diabetes, abalone, and kin-8fm datasets. When IW does not improve over UW, IW tends to have higher variance. In those situations, our method does not always help, but tends to still have lower variance. In general, our method uses a biased estimator in return for reduced variance. Here we see that in many real data, this tradeoff is worthwhile to make both in terms of average performance and the variance thereof.
Conclusion
To address the high variance of importance weighting approaches to handling covariate shift, we have presented a method that jointly learns a subspace upon which predictions depend, and within which density ratios are estimated. Our method lowers variance through estimating ratios in a reduced space, as well as a regularizer discouraging subspaces with low effective sample sizes whose tradeoff parameter can be cross-validated. To fit our model, we leverage past work on hyperparameter selection via gradient descent. We explain through lemmas why the variance is reduced and the extent of our test loss estimator's bias, and then show empirically that in many real data, sacrificing bias for reduced variance helps performance. Finally, we believe our work has implications for causal inference, which can be formulated as a covariate shift problem [17] , and where the propensity score, essentially a density ratio, is used widely [3] , yet unreliably estimated in higher dimensions [19] .
